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£X. A new Method of mveftigaiing the Sums of Infinite Series*. 
By the Rev, Samuel Vince, A. M» F*. R. &. 




Read June 2, 1 79 1 . 

HE fummation of infinite feries is a fubjed, not only of 
curious Speculation, but.alfo of the g-reateft importance, 
in the various branches of mathematics and ■ philofophy ; in 
confequence of which it has always claimed a very confiderable 
lhare of attention from the moft celebrated mathematicians. 
I (hall therefore make no apology for offering to the public 
the following new and very expeditious method, by which we 
may obtain the fums of a great variety of fenes, moil: of which 
have never before been treated of. As the fummation depends 
on the fums of the reciprocals, of the powers of the natural 
numbers, tables of fuch fums are given as far as the 40th 
power to twelve places of decimals, by which the fums of 
the feries will be found true to ten or eleven places ; and if 
greater accuracy were required (which is a cafe that can very 
rarely happen) it might eafily be obtained by continuing the 
tables. The firft and third columns (hew the fums, and th& 
fecond and fourth the powers correfponding. 
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TABLE I. 



Sum of 



"B.I 

n '- *' ' n 



t 



+ ~ + &c* &d infinituti 






4 



C 



E 
F 






Sum 



M = 

b = 

p = 

R = 

V - 



,644934066848 
,202056903159 
,0823^3233711 
,036927755107 
,017343061984 
,008349277587 
,004077356198 

',00*0083928*6 
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,000000238450 

,0000001 19219 

,0.00000059608 

,000000029803 

,000000014901 

,oooooooo74so 

,000000003725 

,0000000 j 1863 

,00000000093.1 

,000000000465 

,000000000233 

,0000000001 16 

,000-00000058 

,000000000029 
,000000000015 
,000000000007 
,000000000004 
, 0000000c 0002 

.00000000000 I 
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TABLE II. 



Sum of — - I 4— L - -1 + &c. ad infinitum. 

2 3 4 5 



Sum 



a 
b 
c 
d 

€ 

f 

g 
h 

m 
t 

k 

I 

m 
n 

o 

P 

r 
s 
t 

v 



,177532966576 

>°9. 8 4573 226 3° 

,052967170503 

,027880229587 
,014448908703 
,007406180072 
,003766998147 
5001905702459 
,000960492403 
,000482856502 
,000242314856 
,000121457237 
,000060829654 
,000030448787 
,000015235790 
,000607621708 

3000003812130 

,00000 I v, O649 I 

,000000953389 

5000000476742 
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Sum 
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OOO0O0 1 19199 
OOOOOO059602 
OOOOOOO29801 
OOOOOOO 1 490 I 
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li 



22 

2 3 

24 

25 
26 

>7 
28 

29 

3° 
3 l 

3 2 

33 

34 

35 
3 6 

37 

3« 

39 

40 



Vol. LXXXI. 



Rr 



TABLE 



r. Vince on the Sums 



TABLE III. 



Sum of — + — + ~ + &c. ad infimtu 

2 4 6 



m* 



m*mmn »>< « >n l iwft * ifi' * n tt« fc l » .« 



s»J 
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// 

1// 












I 

J// 
1 

// 

// 
// 



M" 
J" 



// 
ft 






T// 

V /7 



,41123351671 

,1 ^02571 1 2895 
,067645202107 
,032403992347 
,015895985344 
5,007877728730 
,003922177173 

,001957047643 
,000977533765 
5000488522553 
,000244200705 
,000122085292 
,000061038895 
,000030518512 
^000015259024 
,000007629452 
,000003814712 
,000001907352 
000000953675 
000000476837 
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IO 

I I 
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16 
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*9 
20 
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Sum 
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1. **m*m**mto*mix* **« 
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7 ;/ 
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V// 
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I 

G /;/ 
H /7/ 

J/// 

K'" 

T ■' // 
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2= ,0000002384T9 

= ,000000 1 I9IO9 
« ,000000059605 
= ,0000000 2 9802 
= ,000000014901 
= ,000000007450 
= ,000000003725 
= ,00000000 2 863- 
= ,000000000931 

= ,000000000465 

= ,000000000233 

=,0000000001 a 6 
= ,000000000058 
= ,000000000029 
= ,00000000001 5 
=,000000000007 
= ,000000000004 
= ,000000000002 
= 3QOO000000001 
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TABLE IV. 



Sum of — 4- — + i- + &c. ad Infinitum* 



** J 1 M« 

3 5 7 



lW i nh-Mi i rtWtan ii Kiv . , ^ mi 



a" 

b" 
c" 
d" 
e" 



f 



// 






Sum 



= ,233700550136 
= ,051799790264 
=,014678031604 
= ,004523762760 

= ,001447076640 
= 9000471548657 
= ? oooi 55 179025 
= ,000051345183 
= ,000017041362 
= ,000005666051 
= ,030001885848 
=,000000628055 
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Sum 
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G 
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j" = 

V" = 

w" = 



J 



// 



,000000209240 
,000000069724 
,000000023234 

,000000007744 

,0000000025^1 

,000000000864 

,COO0OO0OO2$6 

,000000000095 
,000000000032 
,000000000011 
,000000000004 
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PROP* I. 



To find the fum of the fums of the reciprocal fquares $ cubes, 

&c. &c* ad infinitum. 



By divfion — * =4"+ , 'T +4* + ^ c * a & * m f* * hence if we 

make each of thefe terms the general term of a feries, and 

1 1 ' 

write 2, 2, 4, &c. ^/«/". for #, we have — 4- -— -+ — — + 

&c.=* (Table i.)A + B + C + D + &c.s but -i- + -^4-^ + 
&o. ad /«/*,=: 1 ; hence A4-B4-C + D4- &c-. «i /»/. = 1 • 



av A ^5? 
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As — 4=s = 4- — -r + 4- - -r + &c. ^ /»£ ; we have, by the* 
#x*+i * * * * 



fame method of proceeding, A - B ~f C — D + &c. #*/ /V?/I = I ; 
confequently A + C + E + &c. = f, and B + D + F-t&c = £. 

Becaofe ^ - = -L + 4 +4 + & c » ^ ; V- » ^ & r # we 

AT— IXA 1 ^ ^ * 

write 2, 4, 6, &c, then will — + -— + —-.+ &c. = (Tab* 

a) A" + B / ' + C" + D // + &c.; but — + JL+ ' + & c . =* 
*> '■ • .1.2.3.45.6 

hyp. log. 2 ; hence A" + B /7 + C /7 + D" + &c. = hyp. log. 2. 
If in the fame expfeffion we write 3, 5, 7, &c. for #, then 

JL + _L+ * +. &c. = (Tab. 4,) a" + h ff + c" + &c. ; but 

2.3 4. S 6 - 7 v ' 

«JL + JL + ^JL + &c. =i 1 - hyp. log, 2 ; hence ^ // + £ // + c // 

2,34-56.7 

+ &c, = 1 —hyp, log. '2. — Hence from either of thefe two 1 aft 
cafesj we have a very expeditious method of finding the hyp* 

log. 2, 



fro p. 1 r- 



To find' the fum of the infinite feries whoje general term h 



1 



mx±n 



* * n" _ r? 



By divifion =■ ~ =p - — +■_=£: + & c * *// /#£ ;. 

hence, if — — * be made the general term of a feries, and for 

mx'±in 

xwe write 2 9 3, 4 ? &e. ? its fum will be equal to the fums of 
another fet of feriefes, whofe terms are the powers of the 
reciprocals of the natural numbers reflectively multiplied 

Into 
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into— 9 —5 ™» &c«; hence the fum of each of thefe feries 

m rrr m* 

being known from the tables, the fum of the given feries will 
be found. 

Ex. i". Let ~- — be the general term ; now — =--- + 
JL ~ :L + &c. ; hence if for # we write 2, 3, 4, &c. we have 

L.+ L + 2.+ I r + &c. = A-C + E-G+ &c. = (by Tab. i # ) 

5 10 17 26 v J ' 

,576674037469. 

Ex. 2. Let — — be the general term; then, by the fame 

method of proceeding, i. + L. + i. + i- + & c . =A + C + E+ j 



3 8 J S 24 



&c. = (by Prop. 1.) 3. . 



Cor. Becaufe .L + ± + JL4.& c .= 5 x 1 + - + J + &c.= (as 

o 24 40 3 o x 

1 + - + - +&c. is the reciprocal of the figurative numbers of 

the fecond order) ~ n=»; therefore i +-^- +— + &c = i. . 

7 8 4 3 is 3S 2 

Alfo, as ~-J_ = JL+JL + 2._j_&c. 5 if we write 2, 4, 6,, &c. for 



x — 1 #* #* #' 



*, we have l - +- + -~+&cc.- (by Tab. ^)A / 'fC" + F/' + 
&c. = L ; but, by Prop, i . A" + B" + C" + D" + &c. = hyp. log. 
2 ; hence B" + D" + F 7 ' + &c. = - ■- + hyp. log. 2. 

"I I I ' I " 

Ex. 3. Let the general term be - — - =-- T + ••«, + -~ + &c* 5 and, 

by writing 2, 3, 4> &c. f° r *"> we have * +^ + ^-+ & c - =■ 

B+E + H + &C. = ,221689395104.. 

Ex., 
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Ex. 4» Let the general term be _— = — + — + -JL- + &c* s 

and, by writing 2, 2, a 9 &c. for #, Sec. we have 4 + — + ~t-. +'&c. 
^ -° ' ^ , 46 241 766 

LC+ -G+— L+&C. = j02828--2C20s2. 

3 9 2 7 ^ ^ 

Ex. c. To find the fum of the feries - — — + r — > -~ + &c* 
^ 9 26 65 124 

If we write 2, —3, 4, -5, &c. for at, the general term will 



be ^T7"^^^ + ^^ + &c - Now? h y writh, g*> ~3> 4 



* 



5^ &c« for #, the feriefes of which — , - 9 - , &c. are the ge* 



neral terms, will be alternately + and — 9 and therefore their 

fums will be found in Tab. 2. and the feriefes of which 

1 1 

— ? ~ 

IM U -V- 

t/V lot 

and therefore their fums will be found in Tab. r. Hence 
the fum required s b + h + + &c. — E~~L — R — &c* =• 



— , &c« are the general terms will have their terms all + * 



,00^500^34003. 



PROP. III. 



To find the fum of the fums of the reciprocals of the odd 
powers in Tab. 2. 



't , 1 , 1 . 1 , 



Bv divifion — — t + t + t + ~t + &c. ; hence by writ- 



# — I X # * "* * 



ing 2, —3, 4, — 5n &c. for #, the fums of the feriefes of which 



, j. i5 &c, are the general terms, may be found by Tab. 2. 



1 1 

an J the o her fums hy Tab. 1. ; hence - — 1-—L. + -JL + &c. 

i . 2 3 • 4 5 « 6 

« A -r C J r £ + &c. + 3 + d+f+ &c* 1 but .----- + — L + . JL 4. 
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& c - _ I 4. 2 hyp* log* 2 ; and by Prop. I. A + C + E +&c. :r 

5 ; hence £+.</+/+ &c.= -7+2 hyp. log. 2. 

4 4 

PROP. IV. 

1H? find the fum of the infinite feries whofe general term is 



X 



qiit **>•' win* ' & 



I 2 

, • * r X I W , h 



3y divihon — — — =' -— — ~ — r~ ~"P etc. <2# w. • 

mx z*zn mx m x m^x* 



hence the fum of the feries of which — ~ is the general term, 

mx dzn 

is found as in- Prop. 2. Here r rauft be greater than ^ at lead 
by 2, otherwife the fum will be infinite. 

"V T H* T 

Ex* 1. Let the general term be— — =-, —7+-™ — &c*.>; 

hence if for x we write 2, 3, 4, &c. we have i- + JL + JL 4, 

J , 17 82 257 

&c. =A-E + I — N+ &c. =",538527924723. — If for >r we 

write 2, 4, 6, &c. we get 4 - JU— H — ~ + &c. = A" - E" + I /A 

7 ^ 7 D 17 l 257 1296 * 

;-N" + &c. = ,396257616555, 

Ex. 2. Let the peneral term be — r— - = — . + —, + —. k + &c. t 

hence if we write 2, 2. 4, &c. for ^,we have — + 2. + A-j^ &c. = 

•/ ,T * 23 80 191 

A+ ID+—G-+&C. —,219238483448. 
9 27 

By this propofition we may find the fum of any feries whole 



I* 



j— 1 . j-~ 2 



-eneral term is — * • * — i5?L^±JL # ; for this refolves itfelf into 

' mx r ±:n 



$ 7 *— 1 

tf# VX 

9 



, &c. &c, the fum of each of which feries is 
6 found i 
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found by this proposition. Now the i-f-- 1 th differences of the 

> 

numerators of this general term are = o, and therefore it com- 
prehends all feries under fuch circumftances. For example, let 

the given feries be — -f !i + — -f- 7 4 l . Here the third dif- 

17 b r z 257 ua6 

ferences of the numerators = ; to find therefore the general 
expreffion for the numerator, affume 4X t +l>x-\~c for it ; and, 
by writing 2, 3^ 4^ for x, we have 4^~{~ 2 ^+ r ' = 4? 9^ + 3^ -b 
— r«= 13, i6^ + 4^+ c=:2 6 5 hence a = 2, b^ — 1, c= — 2 ; 
and as the denominator is manifeftly # A +i* the general term 

will be 5i-^— ' = x 4^— — -A t— ? each of which being; 

made the general term of a feries, their fum will be found to 
be refpe&ively 1,077055849446, 0,194173022145, and 
0,156955159332; hence the fum of the given feries is 
■0,725927667969. 

If s be negative, the general term becomes— — = 



■x" X mx =L« mx 



1 . 1 



+ _i__&C 






Ex. 1. To find the fum of — — — _ {-_ 2 &c, 

1*2.3 2.3.4 3*4-5 



ad inf. Here the general term is ——-— ^=— = = — == = * 

^ ° X—IXXXX+IXXX* — ! 

i. + -i. + i +&c; 1 hence, by writing 2, -3, 4, -5, &c. for 
x^ we have the fem = ^-f-^+/+ & c * ■= (by Prop. 3.) — ; 

f + 2 h yp* lo g* 2 - 

4 

If ^^^~—z^= be the general term it refolves itfelf into 

x— I Xx° X X-f 1 ^ 

4+-t + 4+ &c *; confequently the fum of — ™ — -_ JL_. 

+. 
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■4. :r -i r — : - &c. = — b - JL 4* 2 hyp, log, 2., In -like manlier the 

fum of - — ~—~ — --___. + - — 5-. — ■— &c. = —3—^ — 5 *X~ 
1 . 2 s . 3 2 • 3 5 . 4 3 . 4-> . 5 4 * 

2 hyp, log. 2 # Thus we may proceed as far as we pleafe by 
adding two powers to the middle term ; and hence this remark- 
able property of the feriefes, that the difference of the funis -of 
the feriefes where the middle term is x, x\ $c\ &c. is b^ d 9 f f 
&-c. relpedively. 

Ex. 2. In like manner if the general term be == — —» , 

and we write 2, 2, 4? &c. for- #, we have w~JL — 4 — i — 

D 1 . 2 3 .3 2.3^3 

; + _l_ + &c. =D+F + H+&c. - (by Prop. 1.) I - B. 

Hence alfo 7—7— + — — • + & c « = — - B - D £ and fb on as 
before. 

If the general term be under the form — *-=, it 

will be mod convenient to refolve it thus •: by divifion 
■ ' «+!j_ te=b _* . hence- ' 



2- -v.3 * ?2 .. ■ , '« 



v X *w *» v ■i 4 ** ft ., « , 

** t " * ** ♦* •* x •* % mJ ^m x • x^tn 



_w-_4- __ — J- &C. X — rz — ■ — - + — ~~ tT &c ' * — -* 

* + « * ^ a; 3 to « x.x + m x * m n * 

where the fign on the left hand will be +* or — according as n 
is even or odd, and the number of terms on the right is = #» 

Now the fum of the feries whofe general term is — **L=^ is 

x . x-^-tn 

well known, and the fums of the other are found from the 
tables, 

¥ Tf It 

Ex. 1, To find the fum of — — ■ + -: — +~ f- &c* adinf 

^ * 3 3 • 4 4 * 5 J 

VOL* LAAAlt O l &xtk& 
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i . r 



ere the general term is- ==■*= ^^r^ + — , and by writing 

2, 2. 4, &c. for x 9 we have the fum = ~~ — - — — — &c. 4* 
3 ^ 2.33.4 ^ 

A = — • -4- A. In like manner -r- — + ~ — j- — — + &c. = - 1 + 

2 3 * 5 * 7 

hyp.l'og.z + A". Aifo rr ^-~ + -j^- + -yi- + &c.=^ - 3 A + 9B x 

x 

27 



« 






f ^ be negative, then =-. =: — . — _ _ &c* x — <* 

GJ * ft % A fl 

x • x~~m , x . x — m x x m 

ence-T— - + -7 — + — — + &c. = 1 — A-B — C; and fo on 

2 4 . i 3 4 2 4 4 . 3 * 



for others of the fame kind 



r 



If the general term be under this form — ' . --, then, i» 



rn n , 

x . i-x 4- m 

• ™ ' " ' III H. II H ..II ■ UK 1 ■ ■ »M ll 'l »» 



like manner, we have db — — ^=^- = — ^— - — + — _ - &c 



0» 

2 2» 



I x — f where-: he fign on the left hand will be + or -, accord- 
Ing as r is even or odd, and the number of terms on the right 

IS ZZ T -f- I » 

Ex. i» To find the fum of — — -f -7^— + •— ^— + &c* 

2 • 5 3 « IO 4 • l 7 
Here *w= i, » = 2, r~2, #== 1, and the general term 



1 1 



s& T ; X 



\ + ~; now the fum of the feries whofe general 

X £J - 

term is -j— is = ,5^6674037469, by Prop. 2*;, confequently 

the fum required = ^S7^7^°37^9 - A + C = 5014063204232.. 

Ex, 2. If the given feries be — i- +•— 2_ + _L— + & c . the 

D 4.5 9.10 16,17, 

general: 
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general term will be — L= = ~~-~ + 4-» hence, by 

writing 2, 3, 4, &c. for x r .we have the fum = - ,576674037469 
+'A = 906826002938. 



iiii)i|i>iii>ii>iiw«'iiiiiirwniii»-iiirriiiiiiiiiw)nniii 



l 'i I m 



it tit be negative* then ^^^^^^ss^^z sj —**-»«— **• — — •"- • ~ — qcq 



x* >ax n —m ax "—m ax% ***** 



r 
r 



t I 



■ Ex. 1* To find' the fum of — \ h — ^ — -4- ^— ~ h &c. 

•*• • % * 3 - 2*3*4 .^ * 4 * 5 

Here the general term is — - — -=> — ~-=- = • 

W . ^-IX/X^+I # 2 X# 2 --I x~—l x 

now, by writing 2 3 3, 4, &c. for x 9 the fum of the feries 
whofe general term is - T ^— is= ~, by Prop. 2. ; hence the fum 

required = ^ — A. 

4 

Ex. 2. Let the given feries be 2 1 s 1 ^ — 4~ 

&c. Here the general term is the fame as before, writing 2 f 
4, 6, &c. for at ; and, by Prop. 2. the fum of the feries whofe 

peneral term is - — is = ~; hence the fumzz — . A". 

** X — I 2 2 

Ex. 2. In like manner the fum of the feries — ~ 1- 1 

-+~: — 4 — r + &C, =: ,22 1 689395 X 04-. B. 



2 . 3 4 -4 " 3- 4*. 5 

Ex.4- To find the fum of \ ^"^ n + ^JL^ 
[*f&c. Here the general term is-= 



x z — ix^ 4 x^ + i x 4 x a 4 — 1 
1 



1 AT 4 — I * 4 



; but the fum of the feries whofe general term is 



■JL. is « ,086662976264; hence the fum required = 
3086662976264-C, 

S f a prop. 
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PRO P. V.. 



I.I.I. I . I 



To find the fum of the infinite [cries. — + _ + -— + -—+-_ +• 

^ */ */ •/ /• x ^ ^ g^ j ^5 2 ^ 

111 this feries . the fourth differences of the denominators, 
s=q; therefore the general term, muft be represented by 

— t~™t~tt t V write therefore 2, q, 4, &c. for #., and we have- 

8tf + 40 + 2£ + */ = 15, 27^ + 9^ + 3^ + ^=40, 64^+ 16^ + 4 

•.^=85;, 12.5^ + 25^ + 5^ + ^=156; hence-^= 1^^= 1, ^= i, 
^s» I . and the general term is — — r =4- — 3 + -? — — 

r'+A' fJC'-f I A J ^ x 1 X' 

.&c; hence the fum = B - G + F-G + K — L + &c. 
,1242700165. 






'• VI 



©~ 



The general term = -=£_ = ~ - 4 - 4 + &c. ; hence, bv 

**+i * * * ■* 

writing 2, 3, 4, &c. for ar, we have the fum = B — 2D + 3F 

L <-&c, = ,147115771469. 

In like manner 4 + ^- + -% +_ &c. = B + 2D + 3F + &c. =; 
,,312498999865. 



HO F, 



ef Infinite Series* §o 



prof, vir- 



To find thefum of <^-~-, + •&?—z + r^rrr. + &c. ad inf 

i * 5 o . iu 13.17 



2 



The general term- is, r=i— ~=r 2 = — + ™~ ~f -■£ + 



2 - v.x i . „* ^ # v ~ #' 



hence, by writing 2, 3, 4, &c. for #,, we have the fum 
G + 2 L4-3P + &C. =,00944^690684,. 



P R O P. VIII-. 
** >^ /& >» Of Tr ^ r — +.^ - ^ ■ ^_L^ + & G 

ad inf 

Here the general term is ==7— — -=- =r — + JL 4- J- + &c 
and hence the fum = H+3K + 6M + &c=,oo4707i48^37 # 



o^ 



r R o p. ix* 

3*0 jfodT /i^ /&/» 0/* /A* infinite feries r ~- JL 4. 2 «~ JL 4. &^ 

3 6 . 10 °* 

l^g ^ feries of the reciprocal of the figurative numbers of the- 
g d order f having tbejigns alternately 4- and ~ „ 

This feries, by refolding two terms into one, becomes 

^_ii_4.-_i — 4 T ±_+& c# whofe general term, by wri- 

1. 2.. 33.4.55.6.7 « * / . 

ting 2, 4, 6j, &c* for x 9 is = — 4 - = -i 4. .£4- 4 4- &c*- 

confequently the fum = 4B" + 4D" 4- 4F" + &.c* ■ zz (by Cor., 
Ex. 2* Prop. 2.) — 2 4- 4 hyp- log. z* 



* ro Mr. Vince ^ the Sums 

Cor. Hence* as i + — + 4 +-+ &c = 2, we have 1 + — + 1 

7 3 6 10 o 

_, T T T < 

— + &c. = z hyp. log. .2., and — ■ + - -+- + &c. -2-2 hyp* 

.15 * * r D 3 .10 24 y A 
{o 2<* 




!P E O ¥. X- 

'IT Y If 

To /fo d the fum of the infinite feries 1 — - + - — - + &c* 
^ J J 4 10 20 

$£/#£• /& reciprocals of the figurative numbers of the 4th order $ 
having thefigns alternately + and — • 

If we write 2, -3, 4, -5, &c. for x 9 the general term 
will be __ ==_ + _- + -" +&c. ; hence the fuai required = 
6b + 6^+6/+ &c. = (by Prop. 3.) — ji + 12 hyp. log. 2. 

Cor. Becaufe the fum of i+ — +— + — + &c. = — ; there** 

4 10 20 2 

T T T I* T 

fore 1 4 — + — + &c. =: — 2 + 6 hyp. log. a ; and — + — + ~- a. 

1 IO 35 J J l ^ 4 ZQ 56 ' 

&c. ■= 4I - 6 hyp. log, 3. 



PRO P. XI.. 



.* 



To find the fum of _—+-*+ *. +&c. ad infinitum* 

1.3 ■* ■ . 4 3 . 5 

The general term, by writing 2, 3, 4, &c. for at, is 

+— + 4 + & c « > hence the fum = A + 2C 4. 2E 



** 



"2 .2 



^&c, = 5884966993407 



PROF 



« 



of Infinite Series* 3 11 



PROP. XIU 

To find ihefum of 77-*—^ +^1*7? + Jlhj J+ &c * a(J in ~ 

finitum. 

Here the general term, by writing 2, 3, 4, &c. for #, is* 

-,.i + i + * I r i a + ii _ &c; confe- 

*' # A V # X X 



"3 M 6 



quently the fum = E- 2F4-4G — 6H + 9I - 12K + &c. 

,01 037089848 z# 



p r a p. xi i.R 

To find the fum of |A- iB + ^C — &c. ad infinitum. 



1.1 



T 7 T T T 

The hyp. log. 2= 1 H— - - + &c. =s 1 + -f 

-' 1 5 2 3 4 5 3 5 

&C; &c ; hence 2 x hyp. log. 2 >or hyp.* log. 4, 



£4-i.4-l. + &c.~-K-i--— - &c. Now, by divifion, 
135 * 3 

_ = I - _L 4- * - * -f&c. ; hence, by writing 2, 3, 4, &e. 

I # 2x 4x* o* 



2#-h I # 2# 4* : 

for x, we have (after tranfpofition) — I- - + &c. — *- — — - 

5 7 2 3 4 

- &c. = - f A + iB - *C 4- &c, ; hence, by adding equal quan- 



i: 



titles to each fide, we have -'+- + - + &c. -- 

i 3 5 .* 3 4 

&c.= - -*A + iB-£0T+&c., confequently fA^|B+4 e - 
3 

&c. = ? --i-JL-i— & c ,+ i + - +- 1 + &c.-~ -hyp-log^ 



0<M 



9* 
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P R -O P* XIV. 



"f* ^f "T 

To find the fum of the infinite ferks — + — 4- — — f~ &c 

2 • 5 3 - 7 4 • 9 

The general term, -by writing 2 9 3, 4, &c. for x 9 is 
S =;-I-- JL+ JL-.&C. ; hence- the fmm— f A- JB+ "G 



-&c.= (bj Prop. 13.) |. -hyp. log. 4. 



P E O P, XV. 

To find the fum cf 1 -f- - + i +,.... /a - » 

The hyp. log. — » i + — 2 ,4- — 3 + —^ + &c ; confequently 
hyp. log. _l_-± 2 -_L_-L~&c. = I; hence, if we write 
2,3,4, &c. for #, we have hyp. log. - + hyp. log, ^ + &c 



« • • • © 
2 



►V I ? . I 



*jM*S-;~~7 x P+^ + &c "----7 * 



--x I +A + &C, 



3 ^ 3 ' 3 3 




~. 2. x -1 + JL +&c. ....• — 

4 2 4 3 4 , A? 4 

— &c« &c. • &c. 
i + I + I +&c. • • . — ; but hyp, log. y + hyp. J°g- ^ + 

*■* J> *r 

hyp. log.-4- + &c hyp. log. -^- = hyp. log. ^ x^xix 

&c. • . . . -A- = hyp, log. * ; alfo -L + — + &c. • . • . -7- = the 

■ 7 fum 



'•6j "hijimte Senet* gi^ 



ftm of the fame feries ad infinitum , minus the fum of all the'terms 
from 4- — 'Of x + l = n ) A — — — -i- - ^ *i • — •— 7 + &g.;; i« 

the feme manner — . 4- -r+'&c . . . . -= =: B ■— - - - — - — — + -1~_ 

2 5 % 5 x s %n z 2?r 4» 4 -J2& 

[— — 5 + &c; and To* on for the -other Teriefes ; hence, by fab- 

ilitntien, and adding \anky to each fide, we have hyp. log* 
^ +I -xA~fB-4C~^^ 

2tf I2« 3^ I20«* JTT 252^ 

- +'IL+ JL^+'&c — 1 + § + J + I + &s. ..•-;. but r- f A - 

7»' 240/r #. 



a> 



§B~jC-&c. =: ,577215664901; hence 1 + i + f + &c« 
hyp, log- # + 5577215664901 + — + -JL+-L + 



• • • V=hy P . log. * +,577*15664901 + ± + £-, + - + ^ 

H — -i ?+ — + — — d .*+ aX» 

S w 252^ 7« 7 24072 

x. r, LefA?=iooco; then 

hyp. log. 10000—9,210340371976 
conft, quant. — 5577215664901 



1 



2n 



,00004999500b 



-^-5= ,000000004x66 

therefore the Turn required re 9,787606036043 



Ex. 2. Let #== 1 0000000; then 

hyp. log. 10000000 = 16,118095650958 
conft. quant. = ^5772 15664901 



— — ,000000049999 



therefore the Turn required = 16,69531 1365858 



— ^iiiimiiniiniiM* iiumi >mm mmttrnm jmtfiWn 



LXXXL T t pro p. 



■> * 4 JW>. Vince on the Sums 



3 



PROP. XVI. 

T*ofind the value of &x$xyxlx Sec* ad infinitum \ fufpofmg 
the general term to be a rational function of x. 

» ..- 
Let 7? be the general term, then refolve - into an infinite 

feries, and take the fluent on both fides ; then write 2, 3, 4, 
&c. for x f and one fide will become the hyp. log. of the given 
feries, and the value of the other fide may be found from the 

tables. 

Ex. 1 . To find the value of ~ x § x — x &c. ad infinitum. 



Here the general term is --— ; hence — = — 



_ £f _i* - Sec. ; hence the hyp, log. -^L = JL + J. + JL + &c, 

A 5 *¥ 7 ^ * ° **— I #* 2# 4 3* 

Write 2, 3, 4, &c. for #, and we have the hyp. log. i-+ hyp. log. 

| +lOT .lo g .^ & c. = A + iC + iE + & c. = ,6 93 3 I47I 8o 574 , 

which Is the hyp. log. 2; but hyp. log. » +hyp. log. | + 
hyp. log. ^ + &c.rrhyp. log. -x|x- x &c. confequently 

3 8 l 5 

Ex. 2. To find the Talue of - . x 2f x -i x Sec. ai infinitum* 
Here the general term is ~- ; hence - = *- -|fL zr ~- If _ 

ite 2, 3,4, &c. for at, and we have hyp. log. — ~j-hyp. log. 

26 
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%+hyp.log. ^+& c « = B+iE+fK4-&c.=r,2ii466250444; 

or hyp* log. — x 22 x ^ x &c. «, 21 1466250444; hence — x] 

?7 x J x&c.= 1,62720c, &c. 
20 03 * 

Hence we may find the value of fuch a quantity, fuppofing; 
the number of Mors to be finite. ' 

Ex. To find the value of - x .1 x - x &c to -^- . 

1 3 s 2*- 1 

Here the general term being JH-, we have i = — f- = - 
iL^^«^--^- - &c. ; hence hyp. I02. -^— = — — + 

2A? a 4^r 3 8# 4 10** ■'* ° 2#— I I.2# ' 

~JL_J~ — L_-| L_ 4. &c, Now write 2, 3, 4, &c. 

2 . 4# * 3 . 8# 3 * 4 . io# 4 ' ^ 7 ^ 

for #, and we have the hyp. log. — x — x - x &c. 




But, by Prop. 15..— x - + ~+~ + 7 = £kyp. *°g- 



3 4 



tf-,2ii39^6 7 549 + ^ + ^ 



1 1 1.1 



ir 1 i i_ i _i — x A i- — J. - l- 

all ° J71*7* + 7 + *-• ••^""aTJ n %*e 6^3^30^ 



J &c„ and fo on for the other feriefes : hence, by fubftitu- 

T t 2 tion, 
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D 



4 ... 6 w 8 _. ax 



tion 9 hyp. log. ~ x L — x -^ x&c. .... — — = | hyp. log. #■— * 
, 1 20 7 8 223 7 64 + ^- + — + —4. + r^-4 + a-^1 + &e - -5 confe- 

' *" o« 8a 192s 3 64s 4 640/* 5 

quently — x — x — x &c. . ... — ^~ =r the natural number 

^ ^ 3 5': 7 2*-* 1 

correfponding : to the right hand- fide of the equation ; hence, 

1 x z x -,x- ..... . . . — — ■=» twice that. natural number.. 

*■- 3^ .5 ax~i> 

Ex. Let #= 10000'; then 

1 hyp. log. x = 4,60,5170185988^ 
coofL quant. =.- 9 1 2078223 7640 

4,484387948548 

rr. ,b0'O0 1 2498750 ■ 



j- 



8fc 



— = .000000001240 



4,484406448347 the natural ^ numheg : 

Otw fi ' i » ■■■■ < Mm iii uh ii u i !■■ ni l wuwuni im w i ii iii . ■■ « 

correfpondmg to which hyp. log* is 88^6238, &c-., confer 

« 2 4 6 20000 4 ,^ 

qiiently - x-— x ■*— x ........ =177.2476. 

^ ' ^ 3 5 *9999 - :"> n ' 

If a; be a very large number it may befufficiently exa$ in* 
roofl: cafes to take twice the natural number correfponding te* 
the hyp. log. of f hyp. log t x ^ P i2oydz2^y6^Q^ 



<£P 






